After the correction of an inaccurate result in the reference, the author uses five different methods, and gets five different inequalities on the Hausdorff measure of the Cartesian product of the middle third Cantor set with itself:
Introduction
The calculation of Hausdorff measure for fractal sets is one of the most important subjects in fractal geometry, and it is a very difficult research topic [1] . Since then, only a small number of Hausdorff measures of fractal sets with Hausdorff dimension smaller than 1 have been computed, for example, the Cantor and Sierpinski blanket [2, 3] , and, no Hausdorff measure of a fractal set with Hausdorff dimension greater than 1 has been calculated [4] . In this paper, the author gives three different methods and use these methods to obtain better estimste on the upper bound of the Hausdorff measure of the Cartesian product of the middle third Cantor set with itself. Cutting out a unit square out of the plane, retaining 4 squares with side length 1/3 on the 4 corners of the original square with side length 1, then take out the rest of the original square, and repeating these operations to the 4 squares on the corners of the original square for infinity number of times, we obtain a set of points which is called "the Cartesian product of the middle third Cantor set with itself", and is denoted by A Better Upper Bound of Hausdorff Measure of the Cartesian Product of the Middle Third Cantor Set with Itself Compare to Others' 2 " × " [5] . Both Cantor and × are uncountable sets (see 4.1) .
In this paper, the 1 st level subset is the "biggest" or the "first" subset, for example, the 1 st level subset, or say the 1 st level small square is the square with side length 1.
Main Result
Theorem: The Hausdorff measure of the Cartesian product of the middle third Cantor set with itself satisfies the inequality ( × ) ≤ . .
Definitions
3.1 Definition 1 [1] : Self-similar Set: Assume ⊂ ; to be a bounded-closed subset, and : → to be a mapping. If ∀ , ∈ , ∃ > 0 s. t. | ( ) − ( )| ≤ | − |, then we call is a "Compression Mapping" or "Compression Function" on with compression ratio . Obviously, compression functions are continuing. When the equality holds, we call is a "Similar Compression Function" on with similarity ratio . Let { N , O , … , ; } be a Compression Function System on with similarity ratio 0 < S < 1, = 1,2, … , . There exists a unique subset Y of that satisfies
then we call Y be an "Invariant Set" of { N , O , … , ; } [1] . For any > 1, assume the invariant set of { N , O , … , ; } to be
For ( b N … cdN ) ∈ f , let S ( Y ) be the first iteration of Y , where = 0,1, … , ∞;
inductively, let S h S ] … S _i] ( Y ) be the th iteration of set Y . Obviously, every iteration of Y is similar to Y . This is the definition of self-similar set. In short, after enlarging arbitrary part of a self-similar set with proper ratio, this part will coincide exactly with the original set. The invariant set Y we get on the interval is the middle third Cantor set. 3.2 Definition 2 [5] : Hausdorff measure: Let be a subset of ; , if there exist nonempty subsets S , = 1,2, … of set ; such that
Then this is called a " cover" of set . For ≥ 0, > 0, we use "inf" to represent taking the infimum of cover of the set , and define Pick 0 < N < O , then we have 0 < | S | ≤ N and 0 < | S | ≤ O . Because the infimum of the integral set must be smaller than the infimum of the partial set, it is going to be u ] Y ( ) ≥ uŶ ( ).
As a result, function ( ) = u Y ( ) is increasing in its domain. When → 0 z ,
and Y ( ) is called the Hausdorff measure of in -dimension. Hausdorff measure is used to distinguish the "size" between countable sets and uncountable sets. 3.3 Definition 3 [5] : Hausdorff dimension: For arbitrary set , when is increasing in the interval (0,∞), 
is the set to be measured and ⊂ ; is a Self-similar set satisfying the condition of open set; is the Hausdorff dimension of ) holds [1, 8] . Proof: Sub-lemma 1:
When → ∞, c → 0, we have
Sub-lemma 2:
Because the Hausdorff dimension of − ∩ is not larger than , we have Y ( − ∩ ) < ∞. By the definition of Hausdorff measure, for any > 0, there exists a cover ‰ = { S ž | > 0} of set − ∩ satisfying
Proof of Lemma 2: According to sub-lemma 1 and sub-lemma 2, because is a cover set of and ∩ , cover Ÿ = { c | > 0} = { S ž , | > 0} is a cover of , we must have
Inference 1:
For arbitrary positive integer , assume the number of th level elements of (a self-similar open set with similar ratio c) to be cdN , and the number of the th level elements cover by cover set to be . Then we have
Proof:
is made up of similar compression functions with similar ratio , so the Hausdorff dimension of this set = dim ‚ ( ) satisfies Y = 1/ . Pick cover as
where S c , = 1,2, … , is the th level subset of . According to the partial estimation principle, we have
As a result, we have cdN Y ( ) ≤ | | Y .
Inference 2:
For our measured set (a self-similar open set), we have Y ( ) ≤ | | Y Proof: Pick cover set = , according to Inference 1, we have
As a result, the inequality Y ( ) ≤ | | Y holds.
Lemma 3:
Among all sets with the same diameter in the same Euclidean plane, the circle has the biggest area [9] . Proof: Assume the diameter of a set is with > 0. Take an arbitrary point on the edge of set . According to the Pythagorean theorem
Therefore, the area bounded by the edge of is
Notice that the area of circle with diameter is
As a result, the circle has the biggest area among all sets with the same diameter in the same Euclidean plane. Lemma 4 explains why we use circles as the cover set in the proof of the theorem below.
Correction
The correction of the inaccurate upper bound in reference [10] : The author of reference [10] calculated an upper bound of the Hausdorff measure of the Cartesian product of the middle third Cantor set with itself: Y ( × ) ≤ 1.495901. However, the author of this paper found that this upper bound is inaccurate and corrected this upper bound. After the correction, the new upper bound is:
( × ) ≤ . . Proof: According to the method of construct U in reference [10] , construct the rectangular coordinator plane xA1y with point A1(0,0), then construct square A1A2A3A4 with A1A2=1 by point A1 for vertex and x, y axes for sides, take points B1(2/3,0), B2 (2/3,9) , B3(25/ 3, 9) , B4(25/3,0). Use B1 as the center, segment B1B3 as the radius, and construct an arc intersecting line x=9 in the first quadrant at C1. Use B2 as the center, segment B2B4 as the radius, construct an arc intersecting line x=9 in the first quadrant at C2. Use B3 as the center, segment B1B3 as the radius, and construct an arc intersects the y axis in the first quadrant at C3. Use B4 as the center, segment B2B4 as the radius, and construct an arc intersecting the y axis in the first quadrant at C4. Take the area bounded by arcs B1C3, B2C4, B3C1 and B4C2 and segments B1B4, B2B3, C1C2 and C3C4 as the cover set U. Notice that the construction of U is more complicated because there are 4 different equations of circles. However, consider the symmetry and the rotation of this figure, we only need to calculate the arc constructed by center B3 and segment B1B3. The whole figure of this method is shown below. 
the value of y is
Now, we know that U must pass through three 7 th level small squares on the top right corner of the 6 th level small square on the top right corner of the 5 th level small square on the top right corner of the 4 th level small square lying on the bottom left corner, as shown in the figure below. Inside, U fully contains the 7 th level small squares on the top right corner of this 6 th level small square, and U also contains another two 7 th level small squares, as shown in the figure below. 
|}, we must have = O . According to the article above, we know that
As a result, the diameter of U is Ÿ O , according to the symmetry, the diameter is N ‰ , which is the red dotted segment below.
As a result,
Solving this inequity, we have ( × ) ≤ . . Under the situation of this method, the upper bound of is bigger than this result, because some 8 th level small squares are not fully contained by U (With this method, the author assume they are fully contained). The mistake made by the author of reference [10] is that the author didn't find the diameter correctly. However, the author of this article successfully finds the correct diameter of set U and gets an accurate result.
6 Theorems 6.1 Attentions 1. When the side length of the 1 st level square is m, ∀ ∈ z , ≥ 1, and the side length of k th level small square is
According to the definition, the side length of the biggest square of the Cartesian product of middle third Cantor set with itself should be 1. However, in order to calculate it more easily, the side length of the biggest square of Cartesian product of middle third Cantor set with itself is changed into 9. In order to get the right answer, we only need to divide the diameter by 9, and this action will not influence the result of this paper.
Theorem 1
Can we just pick a subset of × as the cover set? Notice that the area of one n th level small squares of × is (1/3) O(;dN) , and the number of n th level squares is 4 ;dN , so the cover fraction is 4 d(;dN) , where the 1 st level square is the square with length 1 here. Take one square from n th level squares as the cover set U, then the diameter of U is equal to √2 • (1/3) (;dN) . By Lemma 2, the Hausdorff dimension of C×C is = dim ‚ ( × ) = log ‰ 4. As a result, according to the partial estimation principle, we have
Solving this inequality, we have
When = 2, the cover set U with its diameter | | are shown in the figure below. This kind of cover set is called the "Basic Interval" of a fractal set. However, the upper bound above shows that we should find another cover set to measure or estimate the Hausdorff measure of × because it is obviously not good enough.
Theorem 2
In order to compute the upper bound of Y ( × ) correctly, we can take the cover set U as an octagon. In this method, the Hausdorff measure of the Cartesian product of the middle third Cantor set with itself satisfies the inequality ( × ) ≤ . . Proof: Firstly, construct the rectangular coordinate system xA1y with point A1(0,0), then construct square A1A2A3A4 with A1A2=1 by point A1 for vertex and x, y axis for sides. Notice that for arbitrary non-negative integer n, n+1 is the "level number" of the little square(s) (that is, 1 st level, 2 nd level, …, n+1 th level). For C×C, the number of elements it contains is 4 n , the area of every element is 1/9 ; , and the side length of every element is 1/3 ; . Take points B1 (2/27, 9) , B2 (2/27, 9) , B3 (25/27, 9) , B4 (25/27, 0); C1 (0, 2/27), C2 (0, 25/27), C3 (9, 25/27), C4 (9, 2/27), and construct an octagon B1C1C2B2B3C3C4B4 as cover set U in lemma 3, as shown in the figure below. The 1 st level square here is the square A1A2A3A4 with side length 1.
Notice that the diameter of this cover set is
The fraction of squares cover by U is Then by Lemma 3, we have
Solving this inequality, we have ( × ) ≤ . . However, this upper bound is not optimized enough. We will use another method.
We also use an octagon as cover set U in this method. However, the difference is, that this method uses constructing infinity series and estimating the value of Y ( × ). With this method, the Hausdorff measure of the Cartesian product of the middle third Cantor set with itself satisfies the inequality ( × ) ≤ . . Proof: Firstly, construct the rectangular coordinate system xA1y with point A1(0,0), then construct square A1A2A3A4 with A1A2=1 by point A1 for vertex and x, y axes for sides. Notice that for arbitrary non-negative integer n, n+1 is the "level number" of the little square(s) (that is, 1 st level, 2 nd level, …, n+1 th level). For C×C, the number of elements it contains is 4 n , the area of every element is 1/9 ; , and the side length of every element is 1/3 ; . With this method, the author constructs an octagon inside this square as cover U in lemma 3, as shown in the figure below. The 1 st level square here is the square A1A2A3A4 with side length 1.
Construct this octagon such that for arbitrary n, the octagon doesn't include all-level small squares in the corner of the big square. Taking As it is known from the geometrical meaning and symmetry, when j plus 1, the total number of small square that do not covered by U on the top left corner is increased by
2 SdN , and the total number of small squares in this level is increased by 4 •c . As a result, the ratio of squares covered by U is
According to the figure, we must have
As a result, ≠ 1. Because k is a positive integer, we have ≥ 2. Assume Submit the values of x and N into Inference 1 of Lemma 2, we have Assume k can be nonnegative real numbers, define function f as
Where k defines at [2, +∞). Then we are going to take the first derivative for this function. Use Matlab (Matlab code see appendix) to find the first derivative ž ( ) of this function and solve k for ž ( ) = 0, we have b = 2.7805145062820030104236744396445. Take the second derivative žž ( ) and submit this value of k into it and find žž ( b ) = 0.1063 > 0. As a result, when = b , the function achieves its minimum value. Consider back when k is an integer greater than 1, we can pick = 2 and = 3, then we find that when = 3, the upper bound of Y ( × ) achieve its minimum value, that is, it is the best result in this method. The graph of ( ) is shown below (Here we do not consider the graph when ∈ [0,2), as I explained before).
However, we can question that the upper bound obtained by this method may not be optimized enough. Hence the author will find another method, the idea is to expands the cover ratio of U but keep the diameter of U. That is, the octagon may not be chosen as the cover set U. The cover set U can be chosen from sets having same diameter as the octagons but having more cover ratio than the octagons (in short, the area is bigger). By Lemma 4, circle or arc can be chosen as cover set U.
Theorem 3
Consider to change the cover ratio of U, keep the diameter of U stay constant, so that the upper bound of Y ( × ). can be smaller; the Hausdorff measure of the Cartesian product of the middle third Cantor set with itself satisfies the inequality ( × ) ≤ .
. (In this method, the author expands the diameter in sub theorem 1 but still uses circle as the cover set, because in this way the upper bound can be smaller). Proof: Firstly, construct the rectangular coordinator system xA1y, Point A1(0,0), then construct square A1A2A3A4 with A1A2=9 by point A1 for vertex and x, y axes for sides, as shown in the figure below.
Use this square to construct C×C, pick the middle point of A1A3, O, and pick A5 (2/3， 9). Construct a circle with center O radius OA5 intersecting C×C at points A5、A6、…、 A12. Take ⊙O∩C×C=U, where U is the cover set. Obviously the diameter of U is A5A9, given by This result claims that, U fully covers the 7 th level small square on the bottom right corner of the 4 th level small square on the top left corner, besides U also cover part of two 7 th level small squares adjacent to this 7 th level small square, as shown in the figure below.
Consider the coverage of 8 th level squares. Because of the symmetry of ⊙O, consider the coverage of the 8 th level small square in the 7 th level small square on the left side of the 7 th level small square on the bottom right corner of the 4 th level small square on the top left corner. The calculation above shows that, when According to the symmetry of ⊙O, this result claims that there are 8 9 th level small squares partly covered by set U in the whole C×C, these 9 th level small squares are mainly located in the 7 th level small square on the bottom right corner of the 4 th level small square on the top left corner and two 7 th small squares near this 7 th level small square Consider the coverage of 10 th level squares. Taking This result clearly points out that, there are three 10 th level small squares coved by U lie on the top left corner of C×C, and they are located in the 7 th level small square on the bottom right corner of the 4 th level small square on the top left corner and two 7 th small squares near this 7 th level small square, respectively. In other word, U contains 4 ‰ + 3 × 2 = 70 10 th level small squares in the 6 th level small square in the bottom right corner of the 4 th level small square on the top left corner; that is, the total number of 10 th level small squares lying on the top left corner and outside of set U is (16 − 1) × 4 Ÿ + 4 Ÿ − 70 = 186 + 3840 = 4026. In this case, the total number of 10 th level small squares lying outside set U is 4026 × 4 = 16104.
Notice that the total number of 10 th level small squares is Nb = 4 NbdN = 4 Ë = 262144. So, the fraction of 10 th level small squares lying inside set U is Then by Lemma 3, we have
Solving this inequity, we have ( × ) ≤ . . In this paper, we consider the 10 th level small squares. If we consider smaller squares, the upper bound will be smaller than this result! 6.5 Theorem 4 Combine the ideas of method 1 and method 2, use infinite series to make sure the diameter and construct a circle in the same way of method 2. The Hausdorff measure of the Cartesian product of the middle third Cantor set with itself satisfies the inequality ( × ) ≤ . .
Proof:
Firstly, construct the rectangular coordinator system xA1y with point A1(0,0), then construct square A1A2A3A4 with A1A2=1 by point A1 for vertex and x, y axes for sides, as shown in the figure below.
According to method 1 and method 2, we take According to the symmetry of U, we only need to consider the coverage of small squares on the top left corner. Because the diameter of U is determined by 4 th level small squares, we first consider the coverage of 5 th small squares. According to the symmetry of this figure, we know that ⊙O must intersect with three Consider the coverage of 6 th level squares. According to the symmetry of the figure, we know that ⊙O passes through three 6 th level small squares in these 5 th level small squares claimed above, that is, this circle passes through the 6 th level small square on the bottom right corner of the 4 th level small square on the top left corner and two 6 th level small squares on the top left corner of two 4 th level small squares lie beside the 4 th level small square on the top left corner, respectively, as shown in the figure below.
Consider the coverage of 7 th level squares. According to the symmetry of the figure, we know that ⊙O passes through three 7 th level small squares in these 5 th level small squares claimed above and part of 7 th level small squares, respectively. Also, ⊙O passes through the 7 th level small square on the bottom right corner of the 4 th level small square on the top left corner, as shown in the figure above. According to the symmetry, we know that ⊙O passes through 8 th level small squares on the bottom right corner of these two 7 th level small squares claimed above and the 8 th level small squares lie beside these two 7 th level small squares, respectively. Also, ⊙O passes through the 8 th level small square on the bottom right corner of the 4 th level small square on the top left corner, as shown in the figure below.
Consider the coverage of 9 th level squares. Now, it is not meaningful to subdivide the squares, because the arc is approximately coincided with the diagonals of two 9 th level squares and one 8 th level small square. Also, this arc intersects with another two 9 th level small squares, but the intersection area is extremely small. For arbitrary positive integer n, let the number of n th level small squares be N, then the relationship between N and n is ; = 4 ;dN . As a result, the total number of 9 th level small squares is Nb = 4 ËdN = 4 Í = 65536. According to the symmetry of U, we first consider the un-coverage of C×C on the top right corner. Notice that the arc approximately coincides with the diagonals of two 9 th level squares and one 8 th level small square, so we approximately pick half of each squares, and get three 9 th level small squares. We don't calculate the squares that are half-divided for now. According to the calculation above, there are 15 9 th level small squares in the 4 th level small square lying on the left of the 4 th level small square lying on the top left corner not covered by U. According to the symmetry of this figure, we know that there are 15 9 th level small squares in the 4 th level small square lying on under the 4 th level small square lying on the top left corner not covered by U too. For the 4 th level small square on the top left corner, remove the half 8 th level small square. There are 4 Ÿ − 1 = 255 8 th level small squares. So, there are 255 × 4 = 1020 9 th level small squares. So, the total number of 9 th level small squares that are not covered by U on the top left corner is 1020 + 15 × 2 + 3 = 1053. As a result, the total number of 9 th level small squares that are not covered by U in the whole C×C is 1053 × 4 = 4212. So, the fraction of 9 th level small squares covered by U is in this paper is slightly different from the precise upper bound of this method, because these 9 th level small squares are not exactly half-divided, and two 9 th level small squares are not fully covered (In this article, we take the fully cover, because the uncovered area is so small that it won't influence the result too much).
Main Theorem
In conclusion, we use four different methods (constructs octagon, takes infinity, constructs circle, and expands the coverage but doesn't change the diameter, sums up method 2 and method 3 to create method 4). As a result, under different method, the author gets 4 upper bounds:
The .
Take the most optimized result, the main theorem of this paper is the following The Hausdorff measure of the Cartesian product of the middle third Cantor set with itself satisfies the inequality ( × ) ≤ . .
Conclusion
we use three different methods, and gets five different upper bounds . The description of these five different upper bounds: 1. After the correction of an inaccurate upper bound, use a "basic interval" of n th level C×C as the cover set, where ∈ z , we have: The Hausdorff measure of the Cartesian product of the middle third Cantor set with itself satisfies the inequality ( × ) ≤ . . 2. Use octagon as the cover set U, we have The Hausdorff measure of the Cartesian product of the middle third Cantor set with itself satisfies the inequality ( × ) ≤ . . 3. Use octagon and isometric series which is used to ensure the diameter (the methods are shown in the paper), we obtaining the following: The Hausdorff measure of the Cartesian product of the middle third Cantor set with itself satisfies the inequality ( × ) ≤ . . 4. Keep the diameter constantly, and take circle as the bigger cover set, because circle has the biggest area compared to other sets having same diameter. Using this method, we obtain the following The Hausdorff measure of the Cartesian product of the middle third Cantor set with itself satisfies the inequality ( × ) ≤ . . 5. Combine method 1 and 2 together and take both circle and isometric series. The Hausdorff measure of the Cartesian product of the middle third Cantor set with itself satisfies the inequality ( × ) ≤ . . Taking the best upper bound, we have The Hausdorff measure of the Cartesian product of the middle third Cantor set with itself satisfies the inequality ( × ) ≤ . . As far as we know, this upper bound is the smallest upper bound. The creation of this paper is, how to take the cover set U, so that the upper bound can be smaller. In addition, this paper also corrects an inaccurate upper bound of a reference. These points show that this paper makes some contributions to the advanced mathematical topics.
